We prove nonlinear stability of planar shock fronts for certain relaxation system in two spatial dimensions. If the subcharacteristic condition is assumed and the initial perturbation is su ciently small, the mass carried by perturbations is not necessarily nite, then the solution converges to a shifted planar shock front solution as time t " 1. The asymptotic phase shift of shock fronts is in general non-zero and governed by a similarity solution to heat equation. The asymptotic decay rate to the shock front is proved to be t ?1=4 in L 1 (IR 2 ) without imposing extra decay rate in space for initial perturbations. The proofs are based on an elementary weighted energy analysis to the error equation.
Introduction
In this paper we prove the time-asymptotic stability of relaxation shock fronts under perturbations of in nite mass in two dimensions, where the front is associated with a non-convex ux without the forces transverse to the shock front. We also investigate the time decay rates to the shock fronts. For the speci c system considered below we thus extend the result of 10] to the case of nonvanishing phase shift and the result of 12] to the case of two dimensions.
Department of Mathematics, Henan Normal University, Xinxiang, 453002, P.R.China. Supported in part by the National Natural Science Foundation of China and a Humboldt Fellowship at the Otto-von-Guerick-University Magdeburg. This paper concerns a simple example of Jin-Xin's relaxation systems, see 5] u t + v 1x + v 2y = 0; (t; x; y) 2 IR + IR 2 ; v 1t + a 1 u x = f(u) ? v 1 ; (1.1) v 2t + a 2 u y = ?v 2 :
The unknows u; v 1 ; v 2 belong to IR, the function f = f(u) is in C 2 , and a i > 0; i = 1; 2 are xed constants satisfying the well known subcharacteristic condition, see 8] ? p a 1 < f 0 (u) < p a 1 ; for all u under consideration; (1.2) which plays an essential role in our stability analysis.
The initial data are asymptotically constants as x ! 1, i.e., It is noted that when s 6 = f 0 (u ) condition (1.7) implies the following Lax's shock condition f 0 (u + ) < s < f 0 (u ? ):
(1.8)
Here the constants u and s (shock speed) must satisfy the Rankine-Hugoniot condition ?s(u + ? u ? ) + f(u + ) ? f(u ? ) = 0:
(1.9)
We are concerned with the long-time behavior of solutions whose initial data is close to a planar relaxation shock front. Our purpose in this paper is to study the stability of the shock front with perturbation carrying in nite mass, i.e., This is in consistent with the one-dimensional theory, cf. 8], 11]. The second aim of this paper is to investigate the asymptotic decay rates toward the relaxation shock front. Our result shows that the decay rate of perturbations could not be faster than t ?1 even if a stronger localization of perturbation may be imposed. However the decay rate is always not slower than t ?1=4 . This is in contrast to the one dimensional case, see 12], 14]. The rate of asymptotic convergence to the viscous shock fronts in two space dimentions was investigated in 18].
In two dimensional cases, Luo and Xin 10] have investigated the stability of weak shock front solution to (1.1) with transverse forces, i.e., system (1.1) with last equation replaced by v 2t + a 2 u y = ? 1 " (v 2 ? g(u)):
In order to control the e ect from g(u) the convexity of f in their case is essentially assumed. They showed that if the initial derivation from a given weak relaxation shock pro le is su ciently small, then the corresponding solution to the relaxation problem approaches the same planar shock front time asymptotically without a phase shift. Our result shows that the asymptotic phase shift is in general non-zero. A nonvanishing phase shift will be studied here for the perturbations with possibly in nite mass. Our proof is given by the elementary weighted energy method following 6], 10] and 12]. It should be mentioned here that in our considered case there is no assumption on the convexity of ux f, and we do not impose any restriction on the shock strength to the price that a more strictly subcharacteristic condition is assumed. The analysis of the stability of various nonlinear waves for relaxation models, and in particular for Jin and Xin's approximation system, can be found The plan of this paper is as follows. Some preliminaries and main theorems will be given in Section 2. In Section 3 the dynamic shock location is analyzed. Energy analysis for the a priori estimates is given in Section 4. The decay rates shall be obtained in the nal section.
Preliminaries and Main Results
We start by stating the properties of the relaxation shock fronts. Integrating the rst equation in (1.5) over ( 1; z) and using the Rankine-Hugoniot condition (1.9), we have by (1.6) (a 1 ? s 2 )U z = Q(U); V 1 = sU + f(u ) ? su and V 2 = 0:
Due to the subcharacteristic condition (1.2) and the Oleinik shock condition (1.7), the u?component U is a monotone function of z, i.e. U z < 0. This fact will be used later in the stability analysis. In the present paper we restrict ourselves to the non-characteristic shock front in the sense that s 6 = f 0 (u ) so that the pro le U tends to u exponentially as z ! 1.
Let us decompose the solution as (u; v 1 ; v 2 )(t; x; y) = (U; V 1 ; V 2 )(z + d(t; y)) + ( z ; 1 ; 2 )(t; z; y) ( These theorems are proved by combining the local existence with the a priori estimates. For semi-linear hyperbolic systems (2.6) the local existence can be proved in a standard way. The key is to establish a priori estimates by using the elementary energy method, which will be given in Sections 4-5. Using the induction to the above inequality in the way that for a xed q 2 f0; 1; 2g we estimate (3.14) with k = 2?q respectively, then obtain a nal inequality for i = k+2q by using the estimates for i = 0; ; k + 2q ? 1 
is taken so that we could treat the nonconvexity of the ux function f, see 15] .
Using the fact H 0 (u ) 6 = 0 we have for suitable constant C > 0 C ?1 w(U) C; jw 0 (U)j C: 
Time Decay rates
Having the stability analysis in the previous sections, we proceed to measure the decay rates of the perturbation. To establish the algebraic decay rates as claimed, we use the iteration introduced by Kawashima and Matsumura 6] , and weighted energy estimates.
Since U(z) is monotone and U(0) 2]u + ; u ? , we may introduce a speci c convex hull H(u) of Q(u) such that H 0 (U(0)) = 0 (5.1) and de ne the weight w(U) = H(U)=Q(U) as in 7] .
To obtain the desired decay estimate, we use a composite weight K(t; z; y) = (1 + t) hz + d(t; y)i M w(U) = (1 + t)
Here M > 0 is a large constant to be determined, and are non-negative constants which are at our disposal.
Let us put It remains to estimate the last three terms on the right hand of (5.7).
Estimate for The proof is similar to that in Kawashima and Matsumura 6] . Based on this basic estimate we get the following sharper estimate for noninteger. The estimate on 2 is similar. Hence the proof of Theorem 2.3 is complete.
